Abstract. We p r o ve t h a t i f X is a locally nite n-dimensional polyhedron such that X Q admits a Z-compacti cation, then X I 2n+5 also admits a Z-compacti cation. Our argument relies on an extension of Dierker's Lemma 6], 2] which s a ys that if P p and Q q are locally nite polyhedra, p 3 a n d c : P ! Q is a PL surjection with contractible pointinverses, then Q I 2p+1 collapses to P . See Proposition 1.5 for details, including control on the collapse. In the last section, we g i v e an example of a uniformly contractible manifold with bounded geometry which does not satisfy Chapman-Siebenmann's tameness condition at in nity and which therefore does not admit a Z-compacti cation.
Introduction
To s e t the stage, we begin with some de nitions.
De nition 1.1. i.) If X is a compact metric space and Z X is closed, Z is said to be a Z-set if there is an homotopy h t : X ! X 0 t 1, so that h 0 (x) = x for all x and h t (X) X ; Z for all t > 0. The model case is the case in which X is a topological manifold and Z = @X. Another interesting case is the visual compacti cation of a CAT(0) space.
ii.) A separable metric space X is said to bean ANR if X can beembeddedin separable Hilbert space in such a w ay that there is an open neighborhood U of X which retracts to X. All locally contractible nite-dimensional metric spaces are ANR's. iii.) The Hilbert cube I 1 is de ned to bethe product iv.) If X is a locally compact ANR, a compact metric space X containing X is said to be a Z-compacti cation of X if Z = X ; X is a Z-set in X. It follows easily from the de nition of Z-set and Hanner's criterion for ANR'ness 10] that in this case X is also an ANR.
Date: M a r c h 5, 1999. The author was partially supported by NSF Grant DMS-9626101. 1 v.) If f(K i i )g 1 i=1 is a sequence of nite CW complexes K i and maps i : K i ! K i;1 , t h e inverse mapping telescope Tel(K i i ) is obtained from the disjoint union of the mapping cylinders of the i 's by identifying the top of the mapping cylinder of i with the base of the mapping cylinder of i+1 .
In 4], Chapman and Siebenmann gave necessary and su cient conditions for a noncompact
Hilbert cube manifold X to admit a Z-compacti cation. Stated geometrically, their condition said that X admits a Z-compacti cation if and only if X is homeomorphic to the product of an inverse mapping telescope with the Hilbert cube. In the same paper, they asked whether a locally nite polyhedron X admits a Z-compacti cation whenever X Q admits a Z-compacti cation.
In 9], Guilbault gave an example of a locally-nite two-dimensional polyhedron X such that X Q is Z-compacti able, but such that X itself admits no Z-compacti cation. In that paper, he asked whether X I k was Z-compacti able for any nite k. Given these propositions, here's the proof of our theorem.
Proof. If X is a locally nite n-dimensional polyhedron such t h a t X Q admits a boundary, Proposition 1.3 says that X is simple-homotopy equivalent to an inverse mapping telescope T = T el(K i i ), where the K i are nite n-dimensional polyhedra and the i 's are PL maps.
In 17], Wall shows that if K and L are simple-homotopy equivalent nite CW complexes of dimension n, n 3, then there is a nite CW complex P of dimension n+1 such that P collapses to both K and L. Using the simple homotopy theory of 7], Wall's proof carries over to locally nite polyhedra. Given the PL version of this result for locally nite complexes, we get a locally nite polyhedron P of dimension n + 2 with CE-PL maps to X and to T.
By the Cylinder Completion Theorem on page 180 of 4], T admits a Z-compacti cation. Since P has CE map to T, P also admits a Z-compacti cation. Since P has a CE map to X, We now proceed with the proofs of Propositions 1.3-1.5.
Proof. Except for the dimension estimate, this is the Geometric Characterization Theorem of 4], which s a ys that X Q admits a Z-compacti cation if and only if X is in nite simplehomotopy equivalent t o a n i n verse mapping telescope. We obtain the dimension estimate by examining the proof in 4]. If X is a locally nite n-dimensional polyhedron such t h a t X Q admits a Z-compacti cation, choose a nested collection V i of cocompact subpolyhedra of X with bicollared boundaries so that \ 1 i=1 V i = . Since X Q admits a Z-compacti cation, each of the V i 's has the homotopy t ype of some nite n-dimensional polyhedron K i . The inclusion maps V i+1 ! V i induce maps i+1 : K i+1 ! K i which are well-de ned up to homotopy. The argument o n pages 204-206 of 4] shows that X is simple-homotopy equivalent near in nity to the inverse mapping telescope Tel(K i i ) and in nite simple-homotopy equivalent to a telescope which agrees with Tel(K i i ) everywhere except at the rst stage. At the end of this paper, we will sketch a proof of this result.
We begin the proof of Proposition 1.4 with a useful homotopy invariance result for Z-sets . Proposition 1.6. Let (X Z) and (Y Z) be c ompact metric pairs which are homotopy equivalent rel Z by maps and homotopies which are t h e identity on Z and which take the complement of Z to the complement of Z. Then Z is a Z-set in X if and only if Z is a Z-set in Y .
Proof. We start the proof of the proposition by giving a more precise statement of the properties of the maps and homotopies described in its statement. Here is what we are given: iii.) A homotopy h t : X ! X with h 0 = id and h t jZ = id for all t. Moreover, we have h t (X ; Z) X ; Z for all t. Our goal is to produce a homotopy t : X ! X so that 0 = id and t (X) X ; Z for all t > 0. This will show that Z is a Z-set in X when it is a Z-set in Y . The other half of the argument is completely symmetric.
We rst show that we can construct having property (v) above and so that t (y) = y whenever d(y Z) t. To g e t this, we de ne :
and then let t (y) = (y t) (y). To conserve notation, we will drop the bar and assume that t (y) = y when d(y Z) t.
Next, let t (x) = g t f : X ! X. We see that t (x) X ; Z for all t > 0 and that
Strictly speaking, this function h t is only de ned for t > 0, but it extends over t = 0 by setting h 0 (x) = x for all x. To prove continuity, we need to show is a Z-set in Y , it follows that B is a Z-set in X (and that X is an ANR).
Finally, w e prove Proposition 1.5.
Proof. Let c : P n ! Q be a PL map with contractible point-inverses. For simplicity, we will assume that n, the dimension of P, is at least 3. ii.) Proposition 1.6 gives a quick proof that if K and L are homotopy equivalent nite aspherical polyhedra andK admits a Z-structure in the sense of 1], then so doesL. This is also proven in 1] { it's a design criterion for the de nition of Z-structure { but it's occasionally useful 1 to have proofs of such facts which come directly from formulas, rather than relying on Hurewicz and Whitehead-type theorems.
2. An expanded proof of Proposition 1. 3 We begin with some further discussion of Proposition 1.3.
Proof. If X is a nite-dimensional polyhedron such that X Q admits a Z-compacti cation, choose cocompact subpolyhedra V i X so that X = V 1 V 2 : : : and \ 1 i=1 V i = : The compacti cation of X Q induces compacti cations of the V i Q's. These are compact ANR's, so by W est's theorem 18], they have the homotopy t ypes of nite complexes K i . For n 3, Wall 16] showed that an n-dimensional complex which is homotopy equivalent to a nite complex is homotopy equivalent to a nite n-dimensional complex, so we can assume that each K i has dimension equal to max(n 3). By the Geometric Characterization Theorem of 4], we know that X is proper homotopy equivalent t o T el(L i i ) for some nite polyhedra L i and maps i , so it su ces to prove that proper homotopy equivalent telescopes are simple equivalent n e a r in nity. Our argument is extracted from an old argument of Siebenmann 14] .
Z is a sequence of nite polyhedra and maps, then there is a simple homotopy equivalence rel X`Z from M(f) Y M(g) to M(g f). Here, M(f) denotes the mapping cylinder of f. Also, if f g: X ! Y are homotopic maps, then there is a simple homotopy equivalence rel X`Y from M(f) to M(g). These lemmas can be 1 For instance, one might someday w ant a parameterized version of the theorem. found in 5]. One consequence of this is that an inverse mapping telescope is in nite simplehomotopy equivalent to a telescope obtained by \passing to subsequences," i.e., by passing to a subsequence of the polyhedra and composing the appropriate bonding maps. If Tel(K i i ) and Tel(L i i ) are proper homotopy equivalent, we can pass to subsequences and, retaining our original notation, obtain a homotopy commuting diagram: which shows boththat X is in nite simple-homotopy equivalent to the mapping telescope of a sequence of nite n-dimensional polyhedra, as desired, and that the telescope can be taken to be Tel(K i i ), except for a possible change in the rst term of the sequence.
On page 207 of 4], the authors refer to an unpublished theorem of Ferry. Since the result has never been published, it seems reasonable to include the original proof in this paper. There i s a n i c e discussion of this in 1]. In this section, we will focus on Chapman-Siebenmann's tameness condition, which must be satis ed if a locally nite polyhedron X is to admit a Z-compacti cation. Here is the statement of the condition.
De nition 3.1. A locally nite polyhedron X is tame at in nity if for every compact A X there is a larger compact B so that the inclusion X ; B ! X ; A factors up to homotopy through a nite complex. Thus, we require that there exist a nite complex K and maps j : X ; B ! K, p : K ! M ; A so that is homotopic to the inclusion.
Question: If K is a nite aspherical polyhedron, must e K betame at in nity? 3 In order to answer this question positively, one would presumably have to nd some geometric or homotopy-theoretic property of universal covers of nite polyhedra which was strong enough to imply that any locally nite polyhedron possessing these properties is tame at in nity. Two popular properties of universal covers which have been abstracted to other spaces are that a space should be uniformly contractible and that it should have bounded geometry. Our goal in this section is to construct an example of a smooth 5-manifold having both of these properties but which is not tame at in nity.
De nition 3.2. i.) A metric space X is uniformly contractible if for every R > 0 t h e r e is an S > 0 so that for each x 2 X, the ball of radius R centered at x contracts in the ball of radius S centered at x. ii.) A smooth manifold X has bounded g e ometry if its sectional curvature is bounded above and below and if its injectivity radius is bounded below. 
